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Abstract. We discuss relations between uniform minimality, unconditionality and interpola- 
tion for families of reproducing kernels in backward shift invariant subspaces. This class of spaces 
contains as prominent examples the Paley-Wiener spaces for which it is known that uniform min- 
imality does in general neither imply interpolation nor unconditionality. Hence, contrarily to the 
situation of standard Hardy spaces (and other scales of spaces), changing the size of the space 
seems in this context necessary to deduce unconditionality or interpolation from uniform mini- 
mality. Such a change can take two directions: lowering the power of integration, or "increasing" 
the defining inner function (e.g. increasing the type in the case of Paley-Wiener space). 



1. Introduction 

A famous result by Carleson states that a sequence of points S = {a^} in the unit disk © = 
{z & C : \z\ < 1} is an interpolating sequence for the space H°° of bounded analytic functions 
on D, meaning that every bounded sequence on S can be interpolated by a function / in on 
S, i.e. H°^\S D l°°, if and only if the sequence S satisfies the Carleson condition: 

(1.1) inf |S,(a)| = 5>0, 

where Ba = Yluy^a K is the Blaschke product vanishing exactly on S* \ {a}, and ba{z) = -^^^ 
(see HCaSSII ). We will write S E (C) for short when S satisfies (11.11) . Obviously in this situation 
we also have the embedding iJ°°|A C so that S G (C) is equivalent to H°°\A = 
Subsequently it was shown by Shapiro and Shields IISS61II that for p G (1, oo) a similar result 
holds: 

H^IS D F(l - lap) = {{va)aes : E(l - kHK'ar < ^o} 

if and only if 5 G (C). Again, it turns out that we also have Hp\S C P{1 — |ap) (the measure 
Y^aesi^ ~ kn^a is a so-called Carleson measure), so that 5* G (C) is equivalent to H'p\S = 
P{1 — |ap). Considering reproducing kernels ka{z) = (1 — az)~^ the interpolation condition 
and the Carleson condition can be restated in terms of geometric properties of the sequence 
ika)aes- More precisely the Carleson condition is equivalent to {ka/\\ka\\pi)a being uniformly 
minimal in iJ^', and the interpolating condition Hp\S = P{1 — \a\) to {ka/\\ka\\p')a£S being 
an unconditional sequence in H^' (precise definitions will be given below). Hence, another 
way of stating the interpolation result in Hardy spaces is to say that a sequence of normalized 
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reproducing kernels in H^' is uniformly minimal if and only if it is an unconditional basis in 
its span (since interpolation in the scale of Hardy spaces does not depend on p, the distinction 
between p and p' may appear artificial here). This special situation is not isolated. It turns out 
to be true in the Bergman space (see llSchS98ll ). and in Fock spaces and Paley-Wiener spaces for 
certain indices of p (see HSchSOOH ). 

More recently, in HAmOSH the first named author has given a method allowing to deduce inter- 
polation from uniform minimality when the size of the space is increased by lowering the power 
of integration. This result requires that the underlying space is the closure of a uniform algebra, 
and applies in particular to Hardy spaces on the ball. 

We would like to use some of the methods discussed in HAmOSH to show that uniform mini- 
mality implies unconditionality in a bigger space for certain backward shift invariant subspaces 
Kj for which the Paley-Wiener spaces are a particular instance. Recall that for an inner function 
/, Kj = n IHq (when considered as a space of functions on T), which is equal to the orthog- 
onal complement of IH'^ when p = 2. Note also that these spaces are projected subspaces of 
{1 < p < oo), and the projection — orthogonal when p = 2 — is given by Pj = IP- 1, where 
P_ = Id—P+ and P+ is the Riesz projections of /(e**) = X^nez o^nC*"* G L'^iT) onto the analytic 
part Y.n>o OnC*"*. We would like to draw the attention of the reader to the special situation when 
I{z) = It{z) := exp(2r(2; + l)/{z — 1)). Then, the space Kj is isomorphic to the Paley-Wiener 
space PW^ of entire functions of exponential type r and p-th power integrable on the real line 
(see Section[3]). By the Paley-Wiener theorem, PW^ is isometrically isomorphic to L'^{—t, t). 
Already in this "simple" case the description of interpolating sequences is not known (see more 
comments below). There exist sufficient density conditions for interpolation (or unconditional- 
ity) when p = 2. They allow to check that a certain uniform minimal sequence, which is not 
unconditional, becomes unconditional when we "increase" the inner function meaning that we 
replace / by /^+^ 5 > 0. (It is well known that K] C K]i+, and even Ji|i+, = Kf + IK%.) The 
density conditions for p = 2 do not seem to generalize to p ^ 2 (see Proposition 13.21 and com- 
ments at the end of Section |3]), so that there is no easy argument that could show that lowering 
the integration power without changing / is sufficient to deduce unconditionality from uniform 
minimality. This makes the problem extremely delicate. So, in the general situation that we con- 
sider and where density or other usable conditions are not known, it seems extremly difficult to 
deduce interpolation from uniform minimality only be increasing the space in one direction (ei- 
ther adding factors to / or lowering the integration power p). Let us mention however that under 
the assumption /(A„) — > the equivalence between uniform minimality and unconditionality in 
K] has been established in HHNPSlll (see also l|Fr99ll for a vector valued version of this result). 

Our results will require some conditions on the inner function such as being one-component. 
This means that the level set L(I, e) = {z E B) : \I{z) | < £:} of the inner function / is connected 
for some e E (0, 1) (which is for instance the case for /^). One-component inner functions 
appear in work by Aleksandrov, Treil-Volberg etc. in the connection with embedding theorems 
and Carleson measures. 

As a consequence of our discussions we state here a sample result: 

Theorem 1.1. Let I be a one-component singular inner function, S C D, 1 < p < 2. Suppose 
that supags |-^('^)| < 1- V {ki/\\ki\\p')a&s is uniformly minimal in Kj, where 1/p + 1/p' = 
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1, then for every e > and for every s < p, S is an interpolating sequence for Kji+^ and 
{^a/\\f^a\\s')a£S Unconditional sequence in Kji+e, 1/s + = 1. 

As already pointed out, a characterization of interpolating sequences already for Paley-Wiener 
spaces is unknown for general p (when p = oo Beurling gives a characterization, and for 
< p < I, see I1F195II ; a crucial difference between these cases and 1 < p < oo is the bounded- 
ness of the Hilbert transform on L^). For the case of complete interpolating sequences in PW^, 
i.e. interpolating sequences for which the interpolating functions are unique, these are charac- 
terized in I1LS97II appealing to the Carleson condition and the Muckenhoupt A^-condition for 
some function associated with the generating function of S. Sufficient conditions are pointed out 
in HSchSOOl using a kind of uniform zero-set condition in the spirit of Beurling. Such a condi- 
tion cannot be necessary since there are complete interpolating sequences in the Paley-Wiener 
spaces. Another approach is based on invertibility properties of P/|/i]^, where B = Ylaes and 
discussed in the seminal paper HHNPSlll (see also IINi02ll ). Once having observed that the Car- 
leson condition for S is necessary (under the condition sup^g^ l-^l^t)! < 1)^ and so {ka/\\ka\\p)a€S 
is an unconditional basis for K^, the left invertibility of Pi\Kb guarantees that {ka/\\k^\\p)aes 
is still an unconditional sequence. The invertibility properties of Pi\Kb '^^^ be reduced to the 
invertibility properties of a certain Toeplitz operator (Tj-^). Again, and also in this approach, 
one can feel an essential difference between complete interpolating sequences and not necessary 
complete interpolating sequences. The case of complete interpolating sequences corresponds to 
invertibility of Tj-^, and a criterion of invertibility of Toeplitz operators is known. This is the 
theorem of Devinatz and Widom (see e.g. llNi02l Theorem B4.3.1]) for p = 2 and Rochberg (see 
llRo77ll ) for 1 < p < oo, and again it is based on the Muckenhoupt (Ap) condition (or the Helson- 
Szego condition in case p = 2), this time for some function h E such that IB = h/h. A 
useful description of left- invertibility of Toeplitz operators, the situation corresponding to gen- 
eral not necessarily complete interpolating sequences, is not available. For the case p = 2 an 
implicit condition is given in HHNPSIL and a condition based on extremal functions in the kernel 
of the adjoint Tj^ can be found in [IHSS04II . 

The paper is organized as follows. In the next section we introduce the necessary material on 
uniform minimality, dual boundedness and unconditionality. A characterization of unconditional 
bases of point evaluations (or reproducing kernels) will be given in terms of interpolation and 
embedding. We will also discuss some Carleson-type conditions which are naturally connected 
with embedding problems. Section [3] is devoted to a longer discussion of the situation in the 
Paley-Wiener spaces. We essentially put the known material in the perspective of our work. This 
should convince the reader that it is difficult to get better result. In the last section we give our 
main result Theorem 14 . 5 1 which as a special case contains Theorem 1 1.1[ 

2. Preliminaries 

2.1. Geometric properties of families of vectors of Banach spaces. We begin with some ob- 
servations in the classical concerning the relation between uniform minimality and uncondi- 
tionality. Recall that the reproducing kernel of in a G D is given by ka{z) = (1 — (iz)~^. 
The Carleson condition infaes iBai^-)] > 5 > can then be restated as {ka/\\ka\\p')aes being a 
uniformly minimal sequence in H^' (which is equivalent here to {ka/\\ka\\p)aes being uniformly 
minimal in H^). Let us explain this a little bit more. By definition a sequence of normalized 
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vectors in a Banach space X is uniformly minimal if 
(2.1) inf dist(x„, V = 5 > 0. 

n ^ V ' 

(Here Vi Xi denotes the closed linear span of the vectors Xj.) By the Hahn-Banach theorem this 
is equivalent to the existence of a sequence of functional {(^n)n in X* such that (^nixk) = 5nk, 
where 5nk is the usual Kronecker symbol, and sup„ ||</?||x* < oo. In our situation, setting 

we get 

i^a, TrAr) = Sab- 
WhWp 

Since \\ka\\s ^ (1 — |ap)^~^/* we moreover have sup^g^ W^aWq < oo. Another way of viewing 
the uniform minimality condition when p = 2 is given in terms of angles: a sequence 
of vectors in a Hilbert space is uniformly minimal if the angles between x„ and Vfc^na^fc are 
uniformly bounded away from zero. 

A notion closely related with uniform minimality is that of dual boundedness (see HAmOSH ). 
Let us give a general definition 

Definition 2.1. Let X C Hol(f2) be a reflexive Banach space of holomorphic functions on a 
domain Suppose that the point evaluations are continuous for every z E ^l. A sequence 
5 C f2 is called dual-bounded if the sequence {Ea/\\Ea\\x*)a&s of reproducing kernels is uni- 
formly minimal. 

Again, by the Hahn-Banach theorem this means that there exists a sequence {pa)aes of ele- 
ments in X (= X**) with uniformly bounded norm sup^g^ II Pa ||x < oo and {pa, Eb/\\Eb\\x*) = 
Sab, i-e. Pa{b) = Sab\\Eb\\x*- 

This condition is termed weak interpolation in HSchSOOII . 

Let us discuss the unconditionality. Recall that a basis of vectors in a Banach space X 
is an unconditional basis if for every x E X, there exists a numerical sequence such that 
the sum J2n oinXn converges to x, and for every sequence of signs e = the sum Y^n ^n(^nXn 
converges in X to a vector Xe with norm comparable to We will discuss the interpolation 
condition A D /^(l — |ap) in the light of this definition using reproducing kernels. First recall 
from IISS61II that we have iJ^|A = /^(l — |ap). Let B = Bs^e the Blaschke product vanishing 
on S. Set = n BHq, where Hq = zH^. The space is a backward shift invariant 
subspace. Also, = Vaes K, and Rp = + BRp {K^ = PbRp is a projected space). 
So the interpolation condition is equivalent to i^^|A = /^(l — |ap), and since the interpolation 
problem has unique solution in A'^, we have for every / E K^, ||/||^ ^ J2ni^ "~ kni/(cf)l^- 
Clearly under this condition the functions (fa introduced above exist and are in K^. Then for 
every finite sequence (va) and every sequence of signs we have 

II E ^aVa^aWl - E(l " H')K\''\Vn\'' ^ " l«l')K'n|^ 

which shows that {>^a)a is an unconditional basis in K^. Then (A;a/||/ca||p) is also an uncondi- 
tional basis in Ji r. 
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Again, the unconditionality can be expressed in terms of angles when p = 2: a sequence {xn)n 
of vectors in a Hilbert space is unconditional if the angles between Vfcecr and \/km\a is 
uniformly bounded away from zero for every a G N. 

So the interpolation results tell us that in a sequence of reproducing kernels is uniformly 
minimal if and only if it is an unconditional sequence. Such results also hold in other spaces like 
e.g. Bergman spaces (see IISchS98ll ) and in Fock and Paley-Wiener spaces for certain values of p 
(see LSchSOOJ). 

We will be interested in the situation in backward shift invariant subspaces K^j. 

2.2. Unconditional bases and interpolation. Li this section we will establish a general link 
between unconditional basis on the one hand and interpolation with an additional embedding 
property on the other hand. It turns out that this link can be reformulated, in the spirit of [|Ni78l 
Theorem 1.2], in abstract terms without appealing to the notion of interpolation. We will start 
with this general result before coming back to the special context of interpolation. 

Suppose that X is a reflexive Banach space, and let be a sequence of normalized ele- 
ments in X* that we suppose at least minimal: dist(?/„, \l k^nVk) > for every n E N. We set 
y = \l Vn and := Y-^ C (X*)* = X. By the minimality condition there exists a sequence 

{xn)n e X** = X such that {xn, yk)x=X",x* = Sn,k, n,k eN. 

For a sequence space /, we consider the canonical system {e„}„ where e„ = {5nk)k- The space 
/ will be called ideal if whenever (a„)„ E I and < |a„|, n E N, then E I. Recall also 
that a family of vectors in a Banach space is called fundamental if it generates a dense set in the 
Banach space. Observe that the canonical system is an unconditional basis in / if and only if / is 
ideal and the canonical system is fundamental in /. 

We obtain the following result. 

Proposition 2.2. Let X be a reflexive Banach space. With the above notation, the following 
assertions are equivalent. 

(1) The sequence {yn)n is an unconditional basis in Y = Vn Vn- 

(2) The sequence (x„ + N)^ is an unconditional basis in X/N (in general not normalized). 

(3) There exists two reflexive Banach sequence spaces li, I2, in which the respective canoni- 
cal systems are unconditional bases and such that 

(i) The set of generalized Fourier coefficients of X contains h: 

{{x,yn)x,x*)n : a; G X} D /i, 

(ii) for every /i = (/i„)„ G h, 

W^iJ'uynWx" < ||/i||«2; 

n 

moreover I2 — /* and the duality of li and l\ ~ is given by ((«„)„, {lJ'n)n)h,h = 

This theorem is in the spirit of llNi78l Theorem 1.2]. However, in Nikolski's theorem there 
does not really appear the condition (i) together with an embedding of type (ii). The condition 
(i) will later on play the role of the interpolation part. 
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Proof. . Observe first that Y* = {X*)*/Y-^ = X/N. Moreover, for every u e N = Y-^, 
{xn + u,yk) = {xn,yn) = and heiice (^n + iV)n) IS a biorthogonal system in 



By tlie general tlieory (see for instance [SingVO, Corollary 1.12.2, Theorem II.17.7]) we obtain 
the equivalence of (1) and (2). 

Let us now prove that (1) and (2) imply (3). By llNi78[ Theorem 1.1] the sequence (y„)n is an 
unconditional sequence in Y if and only if the multiplier space mult(?/„) : '■ 

Lin(?/„) — > Lin(?/„), J2 fi nite c^n Vn I — ' J2 finite l^nanVn cxtcnds to a bounded operator on Y} is 
equal to And this, by UNiVSi Lemma 1.2] is equivalent to the existence of a sequence space 
I2 in which the canonical system is an unconditional basis such that (?/„)„ is a /2-basis, which 
means that 

T-.h Y 

(^f^n^n ' ^ ^ ^ f^nVn 

n 

is an isomorphism. Note that Y is reflexive as a closed subspace of the reflexive Banach space 
X*, and so is I2. 

For exactly the same reason, by (2) there exists a sequence space h with the required properties 
such that 

S -.h — > X/N 

(^(-^n)n ' ^ ^ y CYn-^n • -^a ~l~ 
n 

is an isomorphism. Note that X/N is reflexive as a quotient space of the reflexive Banach space 
X, and so is li. Take G h, then S'((a„)„) = Xa + N E X/N for a suitable Xa G X. 

Now {{xa, VnYln = ((Efc ^kXh, yn))n = {an)n (notc that J2k ^kXk + N convcrgcs in X/N). So 
e {{{x,yn)) : X G X}. 

Finally, since li ^ X/N, I2 ^ Y and Y* = X/N we have I2 ^ h and by reflexivity I2 ^11. 
Moreover, by the idenfication maps we can write for (a„)„ G h and (/i„)„ EI2 — 

(/in)n.)ii,/2 = (XI + ^^f^kyn)x/N,Y = C^nf^kiXn, Vn) X,Y = "^Oinf^n- 

n n,k n 



We finish by showing that (3) implies (1). By (ii), the operator T is bounded and by construc- 
tion onto, so that we are done if we can show that T is left invertible: ||/i||i2 ^ Now by 
(i) for {an)n £ ^1, there exists Xa E X such that a„ = {xa, Vn)- Let us introduce the operator 

A:li — > X/N 

This operator is well defined (if we choose x'^ with {x'^, yn) = an, then {x'^ — Xa, Vn) = for 
every n and x'^ — Xa G N). It is also linear. Let us check that its graph is closed. For this consider 
a sequence {a^)n converging to («„)„ in /i. Since the canonical basis is an unconditional basis 
in li, we obtain coordinate-wise convergence: a„ when ^ 00. We assume that 

A{{a^)n) = x^N + N — > X + N. Note that A{{an)n) = Xa + N. Then for every n we 
have (x,?/„) = \miN^oo{xaN ,yn) = limAr^oo = an = {xa,yn)- So X - Xa G and 
X + N = A{{an)n)- By the closed graph theorem A is bounded. 
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Let us show that A* : (X/N)* = Y ^ is. the left inverse to T (modulo the isomorphism 
from II to I2). Equivalently it is sufficient to show that T*A : /i ^ is an isomorphism. Note 

that for {an)n G h and (/in)n G k, we have 

{T*A{an)n, (/^n)n)z*,/2 = (^(«n)n, T (fin) n) X / N ,Y = {Xq + N,J2 l^nyn)x/NX 

n 
n 

By assumption this is equal to {{an)n, {f^n)n)h,i2 so that for every G /i and G we 

have 

{T*A{an)n,{lJ^n)n)l*,h = ((«n)n, (/in)n)«i,i2 • 

Hence T*A is the identity (modulo the identification between li and li,). I 

It is interesting to note that when X is a Hilbert space more can be said about the structure of /: 
it is clear that then / = However, by a result of Lindenstrauss and Zippin (see HLZGQID . if in a 
Banach space X every two normalized unconditional bases are isomorphic to each other, then X 
is isomorphic to one of the following spaces cq, or In other words the general theory does 
not yield / = P when (a;„).„ is an unconditional basis in (a subspace of) X = (Pelczynski 
constructed actually unconditional bases in P which are not equivalent to the canonical basis, 
||P^ )- 

Let X be Banach space of holomorphic functions on D, such that the point evaluations Ea in 
a G D are continuous in X. A sequence S* C © is called /-interpolating for a sequence space / 
(defined on S) if for every sequence v = {va)aes with {va/\\Ea\\x*)a(^s ^ I there is a function 
f e X with /(a) = Va, i.e. 

X\S D lil/\\Ejx') ■■= {V = iVa)aeS ■■ {Va/\\Ea\\x')aeS ^ 1} ■ 

Since, ||£'a||(_H'P)* ^ \\ka\\p' ^ (1 — \a\'^)~^^^ (1 < p < oo), this definition is consistent with the 
definitions we gave before for H^, in which case we had chosen I = P. 

The reader should also note that in the previous subsection we have repeatedly used the fact 
that interpolation in H^, i.e. Hp\S D P(1 — |ap) (we will not consider the case p = oo here) 
implies in fact the equality Hp\S = 1^(1 - |ap) (this is Shapiro and Shields' result, nSS61|| ). 

In the general case, without any further information, we have to impose an additional embed- 
ding. For the convenience of the proof in the following result we will suppose that X is reflexive 
(and so / will be). We will also need the notion of ideal space. A sequence space / is called 
ideal if whenever v = (f„)„ G / and w = (w„)„ is any numerical sequence with \iVn\ < \vn\ for 
every n then also w G I. This notion appears naturally in the context of free interpolation and 
unconditional bases. 

Proposition 2.3. Suppose X C Hol(D) is reflexive and S is a sequence in D. The following 
assertions are equivalent. 

( 1 ) There exists a reflexive and ideal sequence space I such that 
(i) S is [-interpolating 
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(ii) There is a constant C such that for every finitely supported sequence fi = {fi)aeS' 
we have \\ Eaes l^ajp-^ — IU* < C'll/^llz*. 

II a II ^* 

(2) {Ea)aes is unconditional sequence in X*. 

A sequence satisfying condition (ii) will be called /*-Carleson or g-Carleson when /* = 1'^ (a 
Carleson embedding for X* with respect to the sequence space /*). See S ub section 12 . 3 1 for more 
on Carleson conditions. 

Note that another way of writing (ii) is 

v/GX,v^Gr, \Y,^^,^^\<c\\f\\xMW, 

which means that for every f E X, the sequence {f{a) /\\Ea\\x*)aes is in (/*)* = /, and hence 
(ii) is equivalent to 

(2.2) \\ifia)/\\E4x*)aes\\i<C\\f\\x, 

which means X\A C /(l/H-EalU*) (there will be more discussions on Carleson measures in 
Subsection [23]). We thus have 

Corollary 2.4. Suppose X C Hol(D) is refiexive and S is a sequence in D. The following 
assertions are equivalent. 

(1) There exists a reflexive and ideal sequence space I such that X\A = l{l/\\Ea\\x*) 

(2) {Ea)a&s is unconditional sequence in X* (an l*-basis in its span). 

Proof of Proposition 12. 3\ By ||Ni78[ Theorem 1.1] the sequence {Ea)a&s is an unconditional se- 
quence in its span if and only if the multiplier space mult(i?a) := {/U = (Ata)aes '■ '■ 
Lm{Ea) — ^ Lin(_E'a), J2 finite c^aEa I — ^ J2 finite l^aC^aEa cxtcnds to a boundcd operator on 
Xq := Vag5 Ea} is equal to And this, by [lNi78l Lemma 1.2] is equivalent to the existence 
of an ideal space Iq such that {Ea)aes is a /o-basis, which means that Xq ~ lo{Ea) := {{aa)aes '■ 
{aa\\Ea\\x*) e k}, in other words the mapping {aa)aes i — > Y.aes <^aEa is an isomorphism 
from lo{Ea) onto Xq, or equivalently 

T : /o — > X* 

Ea 

{Pa)a£S ' ^ X! /^a n j-, n 

aeS \\Ea\\x* 

is an isomorphism. Note that Xq is reflexive as a closed subspace of a reflexive Banach space, 
and so is Iq. Set / := Iq (so that /* = Iq). By the preceding argument, {Ea)a&s is an unconditional 
sequence in its span if and only if 

Ea 

(2-3) c\\n\\i* < II ^IJ'a7rTrT\ — IU* < C'll/Ltlli*, 

for some fixed constants c, C . This yields in particular (ii). 

We will compute the adjoint operator T* : X — > I. Let ^ El*, 



EaWx* \\Ea\ 



a&S ll-^allA"- aeS 



X* 
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Hence, the functional T*f on /* is represented by a sequence the entries of which are given by 

f{a)/\\Ea\\x', aeS.ln other words T*f = {f{a)/\\E4x')aes e (l*)* = l 

Now the left hand inequality in (12.31) is equivalent to the left invertibility of T which is equiv- 
alent to the surjectivity of T* i.e. to the fact S is /-interpolating. This show that (2) implies 
(1). 

For the converse implication, note that (ii) implies the right inequality in (12.31) . Moreover this 
inequality shows also that T is well defined and bounded. By the above arguments the surjectivity 
of T* is equivalent to the fact that S is interpolating. On the other hand the surjectivity of T* is 
equivalent to the left invertibility of T and so to the left inequality in (12.31) . ■ 

Still the following is true 

Corollary 2.5. If S is interpolating for and if there is a constant C such that for every 
finitely supported sequence /i = {f^)a£S' have || Sogs /^a^a/ll^allp' Hp' — then 
(fc^/ll fcf ||p/)ag5 is an unconditional sequence in . 

More precisely the conclusion would be that {kl)a^s is an /^'-basis in its span. This conclusion 
can in general not be deduced only from the condition of unconditionality as explained above. 
However, in the special situation sup^^^. |-^('^)| < 1> HHNPSll Theorem 6.3, Partie II] shows that 
if the reproducing kernels form an unconditional sequence in then automatically they form 
an F -basis in their span. 

2.3. Carleson measures. Let us fix the framework of this subsection. 5 is a sequence in ©, / 
an inner function and 1 < g < oo. For a G 5 we denote by A;^^ = /Cq/H A^^ll^ the normalized 
reproducing kernel. 

Let 1 < g < oo. Recall that a sequence S is called g-Carleson if 



3Dq > 0,V/i G 



X! l^akq,a 



< Dg\\l^\ 



We will also use the notion of weak g-Carleson sequences: 
Definition 2.6. Let 2 < g < oo. The sequence S is called weakly g-Carleson if 



3 Ay > 0,V/i G 



2\U |2 
q,a I 



<DM\l- 

q/2 



Note that by HAmOSl Lemma 3.2], the g-Carleson property implies the weak g-Carleson prop- 
erty. 

Observe also that (/«)* = P, that the dual of K] can be identified with JiJ, and that the 
functional of point evaluation Ea can then be identified with A;^. Now, using the notation from 
the preceding subsection, by (|2.2I) . S is g-Carleson if and only if for every / G Kj, 

which means that v := J2aes ^a/\\ki\\p is ^ Kj-Cax\eson measure: Kj C L'p{v)- 
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In the special situation when / is one-component, then by a result by Aleksandrov (see (14.11) ). 
we have 




p' being the conjugated index to p, and so, if S is g-Carleson and / is one-component, then the 
measure 



|2 



aeS 



is i^j-Carleson. 

Geometric Carleson conditions 

In IITV96II . the following geometric notion of Carleson measure appears. For an inner function 
I and an e > 0, let L(J, e) = {z G ID) : \I{z)\ < e} be the associated level set. In the notation of 
IIA102II . let C{I) be the set of measures for which there exists C > such that 

(2.4) \fi\iSiCr))<Cr 

for every Carleson window S{C = e**, h) := {z = re*^ E B) : 1 — h < r < l,\t — 9\ < h} 
meeting L(1, 1/2) (this is of course a weaker notion than the usual one requiring (12.41) on all 
Carleson windows; the value e = 1/2 is of no particular relevance). Let also Cp{I) be the set 
of measures for which Kj C Lp(h). Strengthening the results of nTV96ll , Aleksandrov proved 
in IIA1021 Theorem 1.4] that for one component inner functions C{I) = Cp{I). In other words, 
the geometric Carleson condition (12.41) on Carleson windows meeting the level set 1/2) 
characterizes the A'^-Carleson measures for one component inner functions. 

Combining these observations, we get the following characterization. 
Fact 2.7. Let / be a one-component inner function. Then the following assertions are equivalent. 

(i) S is p'-Carleson 

1 — 1 P 

(ii) = Eaes ^ _ |j(a)|^ '^° i^fCarleson 

(iii) u (as defined in point (ii)) satisfies the geometric Carleson condition (12.41) on Carleson 
windows meeting the level set L{1, 1/2). 

Question. Do there exist in backward shift invariant subspaces interpolating sequences S that 
are not p'-Carleson? 

3. Pale Y- Wiener spaces 

We will discuss a special class of backward shift invariant subspaces. Let I(z) = e'^'^^ be the 
singular inner function in the upper half plane with sole singularity at oo (to fix the ideas, we 
have chosen the mass of the associated singular measure to be 2n). Recall (see llNi02[ B.l]) that 
the transformation 



Up : H^i 




f ^ {^^iUpf){x)=(—^]^' f^^ 



^{x + iY ) \x + i 
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is an isomorphism of the Hardy space on the disk Hp(B) onto the Hardy space iJP(C+) of the 
upper half plane C"^ = {z E C : Imz > 0}. This transformation sends the inner function 

Io{z) = exp{27i{z + l)/{z - 1)) on © to / on C+. 

Let PW^ be the Paley-Wiener space of entire functions of type vr which are p-th power in- 
tegrable on the real line. Pick / G PW^. By a theorem by Plancherel and Polya (see l|Lev96[ 
Lecture 7, Theorem 4]) we get 

(3.1) / |/(x + m)rrfx<eH'^l||/||^ 

for every a G M. Setting F{z) = e''^^ f{z) (which means that in a sense we compensate the type 
in the positive imaginary direction) yields 

/ \F{z + ty)\Mx= I \f{x + iy)\^e~^-ydx<\\f\\l 

JR JR ^ 

in particular for every y > which means that F G if^(C"'"). Dividing F by / we obtain an 
analytic function in the lower halfplane C_ and for every y < 0, 

/ |F(x + i|/)e-'2"("+'^Vrfx= / \ f{x + iy)?eP''ydx<\\f\\l 

JR JR ^ 

SO that F/I is in the Hardy space of the lower halfplane Hp{£J). Hence F G Hp{C+) n 
Ji^Q (C_) =: J (now considered as a space of functions on R, the elements of which can of 
course be continued analytically to the whole plane). It is clear that j can be identified via Up 
with Kj on D (or T). Hence there is a natural identification between Paley-Wiener spaces and 
backward invariant subspaces (on T or W): PW^ = e~^'^^UpKj . 

It is well known that in the particular case p = 2, PW^ is nothing but tt, tt) (this comes 

from the Paley-Wiener theorem). 

Let us make another observation concerning imaginary translations. For a G M, let 

<l>a:PW^ PWP 

f I — > {<^af-z^ — >f{z-ia)}. 

Using again the Plancherel-Polya theorem (see (13.11 )). we see that is well-defined and bounded 
(it is clearly linear). It is also invertible with inverse = So is an isomorphism of 
PWj^ onto itself (the type that we fixed to tt here does not really matter). 

So the Paley-Wiener spaces are special candidates of our spaces Kj, which motivates the 
following important observations. In general it is not true that uniform minimality implies inter- 
polation or unconditionality which we will explain now following HSchSOOB . 

By definition a sequence T = {xk + iyk}k is interpolating for PW^ if for every numerical 
sequence {vk)k with 

(3.2) 5]|i;fcre-^^l'"^-l(l + |r/fc|)<cx) 

k 

there exists / G PW^ with f{-fk) = ak. 

Theorem 3.1 (Schuster-Seip, 2000). Let 2 < p < oo. There exists a dual bounded sequence V 
which is not interpolating in PW^. 

We would like to recall here the construction of Schuster and Seip since it will serve later on. 
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Proof. Define a squence F = {^k}kez by 70 = and 7fe(p) = k + 6k{p), k e Z \ {0}, where 
^kip) = sign(fc)/(2po) andpo = max(p,p'), 1/p + 1/p' = 1. Since this sequence is real, the 
weight appearing in (13.21) is equal to 1 . 

Now let G{z) = z Ylky^oi^ " ^) which defines an entire function of exponential type tt with 

^ d{x,T){l + Note that the p-th power integrability of IGI on M is determined 

by and the latter function is never p-th power integrable on M (one could distinguish 

the case p > 2 and p < 2). Hence, F is a uniqueness set and thus interpolating if and only if it is 
completely interpolating. 

We will use the same type of computations as in the proof of [|LS97[ Theorem 2] to check that 
F is not (completely) interpolating when p > 2. According to nLS97[ Theorem 1], it suffices to 
check that Fp, where F{x) = \G{x)/d{x, F)| ~ (1 + 1x1)-^/^°, is not (Ap), i.e. 

is not uniformly bounded in the intervals /. For p > 2, we have po = p and hence we have to 
consider 

This expression behaves like log(l + |x|) when / = [0, x], which is incompatible with the (Ap)- 
condition. So the sequence F is not interpolating. 

On the other hand, gk{z) = G{z) /{z — 7^) vanishes on F \ {7^} and satisfies 

(3.3) \9kilk)\ ^ \\gk\\LP{R)- 

Note that G ^ U (if and) only if (1 + |x|)^^/^' G L^, i.e. p/p' = p-l>lorp>2. This implies 
that the sequence is dual bounded. In fact, note that the reproducing kernel of the Paley-Wiener 
space PW^ in X G M is given by kx{z) = sinc(7r(2; — x)) = sin(7r(2; — x))/{7r{z — x)), the 
norm of which in (M) can be easily estimated to be comparable to a constant independantly 
of X. Hence (13.31 ) implies that := fi'fc/||fi'fe||p is of uniformly bounded norm and |^A;(7fc)| — 1 — 
ll^7fcllLp'(iR)- Suitably renormed, (^fc)^ thus furnishes the family (p^^)^ mentioned after Definition 
O ■ 

As a consequence, in PW^ there exists a sequence F such that {fc7,/||fc7j|p^p'}i uniformly 
minimal in PW^' but not unconditional. 

Still, it can be observed that F is uniformly separated in the euclidean distance and hence by 
the classical Plancherel-Polya inequality we have for every / G PW^ 

(3.4) El/(7fc)r<C||/||^, 

k 

SO that the restriction operator / 1 — > /|F is continuous from PW^ to P (onto when F is interpo- 
lating), in other words the measure S^gr ^7 is PVT^-Carleson. 

More can be said. The following result is nothing but a re-interpretation of nLS97ll . 

Proposition 3.2. Let 1 < p < 2. Then for every 1 < s < p there exists a sequence F that is 
interpolating for PW^ without being interpolating for PW^. 
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So, in the scale of Paley-Wiener spaces — which represents a subclass of backward shift in- 
variant subspaces — an interpolating sequence is not necessarily interpolating in an arbitrary 
bigger space, and so a fortiori a dual bounded sequence for a given p is not necessarily interpo- 
lating for a bigger space Kj, s < p. This should motivate why in our main result discussed in the 
next section we increase the space in two directions to get interpolation from dual boundedness: 
we increase the space by adding factors to the defining inner function and by decreasing p. 

Again we translate the result to the language of unconditionality. The sequence constructed 
in this proposition is again a real sequence which is uniformly separated in the euclidean metric 
so that (13.41 ) holds for p and s and hence the measure J2kez ^-jk ^ Carleson measure. This 
implies that if T is interpolation for PW^ then we do not only have PW^^|r D F (recall that the 
reproducing kernel is given by the sinc-function in 7^ G M the norm of which is comparable to 
a constant) but PVF^|r = F. By Corollary I2.4l this means that (k^/\\k^\\pi)^^r) is unconditional 
in PW^ . Clearly, since V is not interpolating for PW^, the sequence (^7/||/i;7l|s')7er cannot be 
unconditional in PW^' . We recapitulate these observations in the following result. 

Corollary 3.3. Let 1 < p < 2. Then for every 1 < s < p there exists a sequence T such that 
{k^/\\k^\\pi)^^Y) is unconditional in PW^ and {k^/\\k^\\s')'yeT is not unconditional for PW^ . 

Recall that k^, the reproding kernel in PW^ is given by a sinc-function the norm of which is 
comparable to a constant when x G M. 

It can be noted that s' > p' so that PW^' is a smaller space than PW^' . 

Proof of Proposition \3. 21 Since 1 < p < 2 we have j»o '■= ma,x{p,p') = p' (recall 1/p + 1/p' = 
1). In contrast to the above example where we have 'spread out' slightly the integers (by adding 
a constant to the positive integers and subtracting the same constant from the negative integers) 
to obtain a dual bounded sequence which is not interpolating (p > 2) we will now narrow the 
integers: let 5^ = — sign(k) /2s' . We have in particular sq = max(s,s') = s' > p' . Define 
r = {lk)k&z hy 'jk = k + 6k, k e Z \ {0}, 70 = 0. Then as the example in [|LS97[ Theorem 
2], the sequence T is not interpolating for PW^. On the other hand, since \6k\ = l/2s' < l/2p' 
we deduce from the sufficiency part of [ILS971 Theorem 2] that T is complete interpolating for 

pwp. m 

Remark 3.4. We have mentioned the translations ^a, a G M. These allow to translate the above 
example T to any line parallel to the real axis: ^aT. By the properties of $„, we keep the 
properties of uniform minimality and (non) -interpolation. 

We now discuss the effect of increasing the size of the space in the Paley-Wiener case "in the 
direction of the inner function". More precisely we will consider the situation when we replace 
I by I^'^'^ on the Ji^-side, which means on the Paley-Wiener side that we replace the type tt by 
7r(l + e) =: tt + 77 for some 7] > 0. And for p = 2, on the Fourier side this means that we replace 

[-TT, tt] by [-(tt + r]),TT + 1]]. 

We will use ||Se95[ Theorem 2.4] to prove the following result. 

Proposition 3.5. Let T = {'yk}kez be defined by 70 = 0, 7fc = /c + sign(/c)/4. Then {k^)^(zr is 
uniformly minimal and not unconditional in PW^, and for every > 0, F is an unconditional 
sequence in PW^_^_ . 
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Proof of Propositio ns. 5\ The first part of the claim is established by Theorem l3.1[ 

We use [|Se95[ Theorem 2.4] for interpolation in the bigger space. Seip's theorem furnishes 
a sufficient density condition for unconditional sequences in Paley-Wiener spaces when p = 2 
which makes this proof very easy. Recall that n^{r) denotes the largest number of points from a 
sequence of real numbers A to be found in an interval of length r. The upper uniform density is 
then defined as 

D+(A) := hm 



(the limit exists by standard arguments on subadditivity of n^(r)). [|Se95[ Theorem 2.4] states 
that when a sequence A, which is uniformly separated in the euclidean distance, satisfies D"*" (A) < 
then {kx/\\kx\\pw2)xeA is an unconditional sequence in PW^ (strictly speaking Seip's theo- 
rem yields the unconditionality for exponentials in r, r]), but via the Fourier transform this 
is of course the same as for reproducing kernels). Our sequence T clearly satisfies -D^(r) = 1, 
and hence whenever r > 27r, then T is interpolating in PW^. ■ 

The proposition can also be shown by appealing to HSchSOOl Theorem 3] which gives a kind 
of uniform non-uniqueness condition as sufficient condition for interpolation in Paley-Wiener 
spaces. It can in fact be shown using a perturbation result by Redheffer that the weak limits (in 
the sense of Beurling) of our sequence V have the same completeness radius (in the sense of 
Beurling-Malliavin) as F, i.e. vr. So increasing the size of the interval makes these weak limits 
non-uniqueness in the bigger space (this is the most difficult condition of Schuster and Seip's 
result to be checked; concerning the other conditions appearing in their theorem, i.e. uniform 
separation and the two-sided Carleson condition, these are immediate). 

Question. A natural question arises in the context of these results. Is it possible that the sequence 
F of Proposition [33] — which is dual bounded but not interpolating in PW"^ — is interpolating 
in PW^ for some p = 2 — e (or p in some intervalle (2 — e,2)) for suitable small el 

So this time we increase the size of the space in the direction p. Proposition 13 .21 indicates that 
e cannot be chosen arbitrarily big. This proposition also motivates another important remark. A 
sufficient condition for interpolation in terms of a suitable density and depending on the value of 
p, as encountered e.g. in the context of Bergman spaces where a sequence satisfying the criticial 
density is automatically interpolating in the bigger spaces, seems not expectable. This makes the 
question very delicate (note that the sequence F of Proposition 13.51 has the critical density for 



4. The main result 

Let / be an inner function, i.e. a function analytic on D, bounded by 1, and such that |/(C) I = 1 
for a.e. C G T. Such a function is called one-component when there exists an e G (0, 1) such 
that L{I,e) = {z E ID) : \I{z)\ < e} is connected. Simple examples of such functions are for 
example I{z) = exp{(z + l)/{z — 1)) or Blaschke products with zeros not "too far" such as i?A 
associated with the interpolating sequence A = {1 — l/2"}„. One-component inner functions 
appear for example in the context of embeddings for star invariant subspaces. For example, Treil 
and Volberg nTV96l discuss the embedding Kj C LP{fi) when / is one-component. 
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The following result will be of interest for us 
Theorem ( I1A102II ). If I is a one-component inner function and 1 < p < oo, then 



1 - I{a)I(z] 



az 



<C2(/,P) 

P 



'l-\I(a)\'V-'^' 



for all a G D. 

We will now discuss the principal results that lead to Theorem ll.il 

For a sequence S of points in D, we introduce the related sequence {ea}a&s of independent 
Bernoulli variables. 

We now increase Jij, when p is fixed, which means that we multiply a factor to the in- 
ner function /. More precisely let J = IE where E is another inner function. Recall that 
K^j + IK^E = -^"^'j (which gives an idea on the increase of the space; note that this identity can 
also be derived from a more general one in de Branges-Rovnyak spaces). 

We first discuss when dual boundedness iox p> 1 implies interpolation for g = 1. 
Lemma 4.1. Let S be dual bounded in Kj, p > 1, and let E be another inner function. If 

1 1 ^« 1 1 n' II 1 1 o 



^ .. aWp'W^a 112 



iFa lip' 

then S is interpolating in K] with J = IE. 

Proof. Let first = ' S ^ iiE\\2 which is comparable to a uniform constant. 

Il^allp'll^a II2 

Since S is dual bounded in Kj, the sequence {kl/\\k^J\p')aes is uniformly minimal, so that 
there exists a dual sequenc e {pp,a)a es in K^: {pp,a, kj,, f^) = 6ab, i.e. Pp,a(&) = 6ab\\ki\\p', and 
sup^gg < CX3. As in HAmOSII the idea is now to take 

VA G i\ T(A) := J2 KCaPp,a7r^. 

a&S n'^a. lip' 

The sum defining T converges clearly under the assumption of the theorem since A is summable. 
Also k^{a) = \\k^\\l, and hence 

T(A)(a) = XaCaPa,p{0') ?L, ^ = ^aCa ^ "jfr^j n '^^^'^ — -^aH^alloo- 

ll^a lip' iFa lip' 

So, by equation (14.21 ). S is interpolating in K]. ■ 

We shall now discuss the general situation. 

Lemma 4.2. Suppose that I and E are one-component inner functions. Let S G Bi be a dual 

111 

bounded sequence in K^; let 1 < s < p and q be such that - = - + - ; suppose that the following 

s p q 

conditions are satisfied. 
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p' 



(ii) VA G i^iS), E 



p-i 

(iii) ifq>2, S is weakly q-Carleson in 



Then S is Kj interpolating and moreover there exists a bounded linear interpolation operator 

V lU'- 



T:l^{S)^K%T{u){a)=Ua\\ki' 



Observe that we do not need to require the Carleson condition on S when q < 2. 

Remark 4.3. Before proving the result, we discuss some special cases where the condition (i) is 
satisfied. Recall from ( 14.11) that for an arbitrary inner one-component function 9 we have 

l/s 

/I — H-) I (1, II \ 

(4.3) \\k^ 











a 


2 I 



Hence when I,E are one-component, we get 

'\\s'\\ki\\p' ^ 

(4.4) 



1 I |2\1/" 

1 — a 



From this we can deduce that (i) holds in the following cases. 

(1) Suppose E,I are one-component and sup \E{a)\ < rj < 1 and sup |/(a)| < rj < 1. 

aG5 aeS 

Suppose also that J = IE is one-component (it is not clear whether this follows from / 
and E being one-component). Clearly sup^gs^ iJio-)] < 1' ^^d (i) follows. 

(2) E = I and / is one-component, then J = P (note that it is clear that when e) is 
connected then so is L{P, e"^)); in this case we do not need the sup-condition, since 

i-i/wn"'-(i-i/wn""(i-i/w^^"'' 



which by (1431 ) and (1441 ) yields (i); 
(3) / singular and Va > 0, E = I" which implies J = J^"*"". 

Remark 4.4. If p = 1 then dual boundedness of S in K} implies that S interpolating in K} (take 
the interpolation operator constructed in the proof of Lemma 14. II) . 

Proof of the Lemma. In view of Lemma |4.1| we can suppose 1 < s < p. 

In order to prove the lemma we will construct a function / interpolating a sequence u E 
weighted by the norm of the reproducing kernels. To do this, we will consider finitely supported 
sequences u, say with only the first N components possibly different from zero, and check that 
the constants do not depend on e N. So, for 1 < s < p and G £^ we shall build a function 
h G Kj such that: 

Vj = 0, N-1, h{aj) = iyj\\ki^l> and < 



UNIFORM MINIMALITY AND UNCONDITIONALITY 



17 



where the constant C is independent of N. The conclusion follows from a normal families 
argument (see also HAmOSII ). 

We choose q such that - = - + then q G]p', oo[ with p' the conjugate exponent of p and we 



s p q 



set Vj = Xjfij with := \iyj\^^^ G i'^, Xj := -p^ l^jT^^ ^ -^^ so that 



Let now 



By (i), we have 



\\kX\\kX^ \\k%\\k^\ 



Since E is one-component we have (14.11) . i.e. \\k^ 



' ^-\E{a, 
1 — lal 



|2\ lA' 



where 



i + i 

r r' 



1. 



Clearly l/g'+l/s — l/j9 + 2x 1/2 = l/g' + l/g— 1 = 0, and hence Ca — C, the constant being 
independent of a G S. 

Next set h{z) := T{u){z) := J2aes ^aCapakq^^- Then, because paih) = 6ab\\ki\\p' : 

Va G S, h{a) = iyaCa\\ki\\prk^^^{a). 

Recall that A; (a) = k^{a)/\\kf\\q. Hence 

h{a) = u^cM\\p'k!,a{a) = x I'^J^'^'';' x \\k%, x = 

ll^^allp'^^a I'^J IFa llq 

and h satisfies the interpolation condition. 

Let us now come to the estimate of the Kj norm of h. 
Set 

/(e, z) := XaCa^apaiz), and g{e, z) := X! Paeak^aiz). 

Then = IE(/(e, z)g{e, z)) because E(ejefc) = djk- 
So we get 

\h{z)\^ = \Eifg)\^ <{E{\fg\)r <E{\fgn, 



and hence 



By Holder's inequality, we get 

(4.5) / Ei\fgnda{z)=E\[ \fg\Ua{z) 



l/s 



< E 



Iff da 



s/p 



E 



Igl" da 



1 \ 
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Now for a E S, set \a := CaXa- Then || A||p < C|| A||p and the first factor in (14.51) is controlled 
by (ii) of the hypotheses of the Lemma: 



(4.6) 



E 











p 






7 l/r da 


= E 




^ ^ XaCa(^aPp,a 




< 


A 






aeS 


P- 







< IIAI 



and the constants appearing here do not depend on A^. 

Consider the second factor in (|4.5I) . Fubini's theorem gives: 



E 



Jt 



We apply Khinchin's inequalities to E [\g\ ]: 



If g > 2, then S weakly g-Carleson implies 



\ag5 



E[\gf] da. 



g/2 



q,a 



(4.7) 



E[bn da< 



\a(iS 



g/2 



q,a 



where, again, the constants do not depend on A^. 



< X! 1/^1 1'' ^q,a 1 integrating over T we get: 

/ a&S 



If g < 2then |/ia| 
(4.8) j nm da < / (EHlCr) da<Y.Ml 



q,a 



da= WpWiq. 



So putting (14.61) and (|4.7I) or (14.81) in (14.51) we get that S* is an interpolating sequence for Kj. 
Clearly the operator T is a bounded linear interpolation operator. ■ 



We are now in a position to prove the main result of this paper. 

Theorem 4.5. Let 1 < p < 2, 1 < s < p and q such that - = — I — . Suppose that 

s p q 

(i) the dual sequence {pp,a}a&s exists and is norm bounded in Kj, 

(ii) ~ \\'^a \s'J\^a\\p' 

W^a lip' 

(iii) S is weakly q-Carleson in K'^. 
Then S is Kj-interpolating and there exists a bounded linear interpolation operator. 

Before discussing special cases we mention a first consequence (using Proposition 12.31 and 
Fact l2.7l) for the case of unconditionality. 
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Corollary 4.6. Suppose the conditions of the preceding theorem fulfilled. Assume moreover 
that J is one-component and and that we have condition ( Hi) of Fact 12. 7[ the measure v = 



G5 



\J{a)\ 



satisfies 



(4.9) 



MS{C,r))<Cr 



for every Carleson window S{( = e**, h) meeting the level set L{J, 1/2). Then {k;^/\\k^\\s')aes 
is an unconditional sequence in Kj . 

As a corollary we obtain the first part of Theorem ll.il 

Corollary 4.7. Let 1 < p < 2. Let I be a one-component singular inner function and S C 
D. Suppose that sup„g_5 |/(a)| < 1. If {k^a/\\^a\\p')aes is uniformly minimal in Kj, where 
l/p + 1/p' = 1 then for every e > and for every 1 < s < p, S is an interpolating sequence in 

Proof of Corollary \4. 71 Condition (ii) of the theorem follows from the case (3) of Remark |431 
The condition (i) of the theorem is fulfilled by the fact that ik^/\\k^\\p')aes is uniformly min- 
imal in Kf . Let {pp^a)aes be the corresponding dual family in Kj. It remains to check the 
weak g-Carleson condition. In fact more is true: Since / is one-component and inner with 

sup^g^. |/(a)| < 1, we have for every aeS,l<r<oo 



\k^\\ 





l-l/r 


( 1 ^ 


V 1- 


a 


' J 




a 





l-l/r 



ka r • 



Hence, up to some constants c^, a G S", whose moduli are uniformly bounded above and below 
we get 

5ab = {pp,a, H/WHWp) = Ca{pp,a, H/\\h\\p) = Ca{pp,a, Pl{kb/\\kb\\p)) 
= Ca{PlPp,a,kb/\\kb\\p) 
— Ca{Pp^aj kl,/\\kl,\\p) . 

Hence {ka/\\ka\\p')aes is a uniform minimal sequence in which by the interpolation results 
is equivalent to A G (C). (We could also have shown this by using directly (12.11) .) In particular, 

{ka/\\ka\\p')a(^s is an unconditional sequence in any H^, 1 < r < oo. 

From this we can deduce that S is even r-Carleson for any 1 < r < oo: indeed, let {pa)aes ^ 
r, then 





r 


a&S 


r 



(4.10) 



aeS W^aWr 



J2 \l^a\ 
aG5 



ka 

K 

\ka\ 



< c 



ki\\r 



Y.i^a- 



\k W k 



\hm \\k II 
I a II II "'a II 



I^allr, 



a&S 



~ ||A;^||r. This holds in particular for r = q, where 1/s 
We are now in a position to deduce also the second part of Theorem [LU 



where we have used that \\ka 
1/p+l/q. 
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Corollary 4.8. Let 1 < p < 2. Let I be a one-component singular inner function and S C 
D. Suppose that sup^gg |/(a)| < 1. If {kil\\ki\\p')a&s uniformly minimal in Kj, where 
1/p + 1/p' = 1 then for every e > and for every q < p, {ki/\\ki\\q')aes is an unconditional 
basis in Kji+^. 

So in the present situation, we increase the space in the direction of the inner function and 
we decrease the space by increasing the power of integration to deduce unconditionality from 
uniform minimality. 

Let us make another observation. In [|Ni02[ D4.4.9(5)] it is stated (in conjunction with [|Ni02[ 
Lemma D4.4.3]) that under the Carleson condition S E (C) the condition sup^g^ |-^(«)| < 1 is 
equivalent to the existence of G N such that {kl'^ / \\kl^'^ \\2) aes is an unconditional sequence 
in A'jjv. In the present situation, when ik^/\\k^\\pi)aes^ v' ^ 2, is supposed uniformly minimal 
(which itself implies the Carleson condition under the assumptions on / and S\ we do not know 
whether the Carleson condition could imply the uniform minimality in our context) then instead 
of taking we can choose /^+^ for any e > (paying the price of replacing p' by g' > p'). 



Proof of Corollary \4. 8\ In view of the preceding corollary and Corollary 12. 5[ it remains to check 
that S is (l^)* = /'^ -Carleson, which follows at once from (14.101) by taking r = s'. ■ 



Proof of the theorem. It remains to prove that the hypotheses of the theorem imply those of 
Lemma l4~2l We thus have to prove that 



E 



^ ^ ^a^aPp,a 
aeS 



under the assumption that the dual sequence {ppa}ag5 is uniformly bounded in A7: sup ||ppa||p < 

c. 



By Fubini's theorem 

E 

and by Khinchin's inequalities we have 

E 

Now, since p < 2, we have 







P 






p- 




^ ^ Xa(^aPp,a 




= [ E 


^ ^ Xa^aPp,a 






a&S 


P- 







da. 



^ ^ Xa^aPp,a 
a&S 



[J2 l^ahPp.an 
\aeS J 



p/2 



{T.\>^a?\PpA'\'' <{T.\^a\'\PpA'\'\ 
\aeS ) \a£S J 



and hence 



E 



^ ^ Xa^aPp,a 
a&S 



']da< j fel^ariPp.ar) da = Y.\K 

•''^ \a£S J a&S 



\\Pp,a\\p' 
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So, finally 



E 



< 



sup ||Pp,a||!^||A|| 



ie5 



p 

p ir -lip : 



and consequently the theorem holds. 
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